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Abstract. We propose a locally conservative enriched Galerkin scheme that preserves the phys-
ical bounds for an elliptic problem. To this end, we use a substantial overpenalization of the discrete
solution's jumps to obtain optimal convergence. To avoid the ill-conditioning issues that arise in
overpenalized schemes, we introduce an involved splitting approach that separates the system of
equations for the discontinuous solution part from the system of equations for the continuous so-
lution part, yielding well-behaved subproblems. We prove the existence of discrete solutions and
optimal error estimates, which are validated numerically.
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1. Introduction. Physically-consistent numerical methods have become a key
focus in the numerical analysis of partial differential equations (PDEs). These meth-
ods aim to preserve specific properties of the exact solutions, such as local conservation
laws, entropy conditions, maximum principles, or positivity constraints. Such proper-
ties are critical for ensuring that numerical simulations of complex phenomena remain
physically accurate and stable.

One particular type of physically consistent method that has received much at-
tention are those that stay within an acceptable set of values, that is, where the
discrete solution does not attain values that the continuous one would not. This is
usually carried out by developing discretizations that satisfy the so-called discrete
maximum principle (DMP), which essentially states that the discrete solution remain
within the bounds of the continuous one and does not have any local extrema that
are not present in the continuous solution. This is not a new idea, and in fact in the
finite element literature can be traced back to the work of Ciarlet and Raviart [12].
Since then, many different approaches have been proposed, and herein we refert to
[17, 25, 11, 8, 2] for some representative methods that respect the DMP in the elliptic
case, and to [4] for a very recent review on the topic.

Now, the DMP is sometimes difficult to achieve, as in fact its validity is usu-
ally linked to mesh restrictions, and in some situations might even be too strict a
requirement. In fact, sometimes a discretization that is just bound-preserving, that is,
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A1762 G. R. BARRENECHEA, P. L. LEDERER, AND A. RUPP

once whose solution remains within the invariant domain (i.e., the set of values that
the continuous solution takes), is sufficient to guarantee stability of a simulation. In
addition, methods that focus on bound preservation are less restrictive and, thus, po-
tentially more efficient for various applications. The importance of bound-preserving
methods is underscored in scenarios where, e.g., positivity is required to maintain the
validity of a physical model. For instance, negative solutions would be nonphysical
in reaction-diffusion systems or turbulence models, and phase-field models introduce
variables that need to belong to the interval [ - 1,1]. A stable numerical simulation
can be built only by ensuring this requirement, without the need to fulfill the stronger
restrictions demanded by the DMP.

In the recent work [3], the idea of bound-preservation at the nodes was presented
for an elliptic reaction-diffusion problem. The core idea involves choosing a baseline
discretization of the PDE at hand and combining it with a projection operator that
maps finite element functions to their positive (well-behaved) counterparts, ensuring
that numerical solutions remain within the required bounds. As anticipated by Go-
dunov's barrier theorem, the method is nonlinear. For symmetric linear problems,
the solution is sought as an orthogonal projection of the exact solution onto the con-
vex set of finite element functions with positive nodal values. This work has been
recently extended to convection-dominated problems in [1], using continuous finite
element spaces, and to time-dependent problems using discontinuous Galerkin in [5].
A common feature of all the above works is the fact that they can be proven to be
equivalent to solving a variational inequality over the constrained convex set (in fact,
the method presented in [5] is written directly in such a way, without the link to a
stabilized method). This fact prevents the method from being conservative (either lo-
cally or globally), a very desirable property in, for example, time-dependent transport
problems.

Based on the discussion in the above paragraph, in this work we present a
method that preserves the bounds of the continuous solution while at the
same time is locally (and globally) conservative. The baseline discretization
is the Enriched Galerkin (EG) method, in which the constraints are encoded via
Lipschitz-continuous projections. The definition of the projection is one of the main
differences with the previous works [3, 1, 5]. In fact, while in those papers the whole
finite element function is restricted to belong to the acceptable interval, in the present
work we split the finite element solution into its linear and constant parts. Then, the
piecewise constant part remains untouched, and it is used to build the projection that
will take the piecewise linear into a suitable interval. As such, the stabilization needed
to remove the kernel induced by the projection vanishes in the piecewise constant
functions, which guarantees local and global conservation. The method is proven to
achieve near-best approximation properties in suitable error norms. In addition, this
approach enables the use of simple solvers, such as Richardson-like iterations, thereby
avoiding more complex constrained optimization techniques commonly employed in
the existing literature [16, 7, 26]. Moreover, to the authors' knowledge, this is the
first work that combines bound-preservation and local conservation with a rigorous
error analysis.

The enriched Galerkin (EG) methods use the discontinuous Galerkin (DG) bilin-
ear form and a combination of overall continuous and broken polynomial spaces to
inherit the polynomial best approximation property from continuous finite elements
and other beneficial properties, such as enhanced stability and local mass conserva-
tion from discontinuous Galerkin methods, while maintaining fewer degrees of free-
dom than DG. The first enriched Galerkin method was proposed by Becker et al. [6],
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BOUND-PRESERVING AND CONSERVATIVE EDG METHODS A1763

but these methods only gained popularity after reinvention by Lee et al. [22]. Since
then, the EG method has been continuously generalized and applied to many prob-
lems. Its main strengths stem from its flexibility concerning the polynomial spaces
that allow, for example, higher-order or spatially adaptive enrichments [28, 29]. This
flexibility allows us to derive, for instance, locking-free and physics-preserving EG
methods for poroelasticity [23, 33] or efficient EG-based solvers for the Stokes prob-
lem [32]. However, this flexibility obstructs bound-preserving approximations even in
the lowest-order cases. This issue has been addressed in [20, 19, 21] for hyperbolic
problems and will be addressed for elliptic problems in the current work.

One feature of our work is the fact that, due to the particular choice of how the
bounds are imposed in the discrete solution, the jump terms in the EG formulation
need to be overpenalized. This is not a new concept; in fact, several works have ex-
plored the overpenalization of DG methods, such as the WOPSIP method [10]. Now,
it is a well-known fact that overpenalized methods lead to very ill-conditioned linear
systems of equations. Consequently, in [10], a preconditioner has also been introduced
to address this issue. To completely circumvent the ill-conditioning, this work exploits
the fixed-point strategy used to prove the existence of solutions to propose a decou-
pled scheme that completely avoids solving ill-conditioned linear systems, thereby
eliminating the need to propose appropriate preconditioners. This insight seems to
be new even for linear EG methods.

Several numerical experiments demonstrate the effectiveness of the proposed
method compared to standard finite element approaches. These experiments show
that the method preserves critical structural properties of the exact solution while
maintaining computational efficiency. Similar methods that focus on bound preserva-
tion, such as truncation-based approaches [24, 18, 31], have been previously explored.
However, the method presented here offers a fresh perspective on the formulation and
numerical solution of bound-preserving problems.

The remainder of this contribution is structured as follows: Section 2 delves into
the model problem and the (not bound-preserving) overpenalized enriched Galerkin
discretization. In contrast, section 3 turns this discretization into a bound-preserving
one. Section 4 is devoted to proving the existence of discrete and positive solutions,
while section 5 discusses their convergence properties to the analytic solution. Finally,
section 6 demonstrates how our method can be implemented and analyzes the condi-
tion of the linear system of equations that needs to be solved internally before a short
conclusion wraps up this work.

2. Model problem and baseline discretization. We will adopt standard
notation on Sobolev and Lebesgue spaces, aligned with, e.g., [14]. For D\subseteq \BbbR d, d\leq 3,
we denote by \| \cdot \| 0,p,D the Lp(D)-norm; when p = 2 the subscript p will be omitted
and we only write \| \cdot \| 0,D. In addition, for s \geq 0, p \in [1,\infty ], we denote by \| \cdot \| s,p,D
(| \cdot | s,p,D) the norm (seminorm) in W s,p(D); when p= 2, we define Hs(D) =W s,2(D),
and again omit the subscript p and only write \| \cdot \| s,D (| \cdot | s,D). The following space
will also be used repeatedly within the text

H1
0 (D) =

\bigl\{ 
v \in H1(D) : v= 0 on \partial D

\bigr\} 
.(2.1)

Let \Omega \subset \BbbR d, d = 2,3 be a polyhedral, bounded, Lipschitz domain, f \in L2(\Omega ),
uD \in C0(\partial \Omega ), and let \epsilon ,\mu \in \BbbR +. We consider the following elliptic reaction-diffusion
equation: Find u\in H1(\Omega ) such that u= uD on \partial \Omega , and

\int 

\Omega 

\epsilon \nabla u \cdot \nabla v d\bfitx +

\int 

\Omega 

\mu uv d\bfitx =

\int 

\Omega 

fv d\bfitx ,(2.2)
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A1764 G. R. BARRENECHEA, P. L. LEDERER, AND A. RUPP

holds for all v \in H1
0 (\Omega ). Using Lax--Milgram's Lemma (see, e.g., (see, e.g., [15,

Lem. 25.2]), this variational problem can be shown to have a unique solution. In
addition, using the comparison principle (see [27, Cor. 4.4]), then u satisfies

\| u\| 0,\infty ,\Omega \leq \~U :=max

\biggl\{ \| f\| 0,\infty ,\Omega 

\mu 
,\| uD\| 0,\infty ,\partial \Omega 

\biggr\} 
.(2.3)

In addition, if f \geq 0 and uD \geq 0 we furthermore have that u \geq 0. That is, (2.2)
respects (physically meaningful) bounds for its solution.

We now describe the baseline discretization of (2.2). The choice made in this work
is the EG method, proposed in [6, 22]. For this, we consider a shape-regular family of
conforming simplicial triangulations (\scrT h)h>0. Only to avoid technical diversions and
simplify the notations and some of the proofs, we will assume that the family of tri-
angulations is quasi-uniform. For a triangulation \scrT h, the set of its facets is denoted by
\scrF h. For any T \in \scrT h, hT =diamT , while hF =diamF for all F \in \scrF h, h=maxT\in \scrT h

hT ,
and hmin = minT\in \scrT h

hT . In addition, we denote by \bfitx 1, . . . ,\bfitx n the internal nodes of
\scrT h and for i\in \{ 1, . . . , n\} and T \in \scrT h we define the neighborhoods

\omega i = \{ T \in \scrT h :\bfitx i \in T\} and \omega T = \{ T \prime \in \scrT h : T \cap T \prime \not = \emptyset \} .
The finite element space in the EG method is given by Vh = V 1

h \oplus V 0
h , where

\~V 1
h = \{ v \in C(\Omega ): v| T \in \BbbP 1(T ) \forall T \in \scrT h\} ,

V 1
h = \~V 1

h \cap H1
0 (\Omega ) ,

V 0
h = \{ v \in L2(\Omega ): v| T \in \BbbP 0(T ) \forall T \in \scrT h\} .

Since Vh \not \subset H1(\Omega ), the EG method is not conforming. Still, Vh is a subset of the
broken (linear) polynomial space used in DG methods. Thus, we can use a variant
of the DG bilinear and linear forms to define the EG approximate uh \in Vh. To this
end, let us define the jump and average operators. If F \in \scrF h connects two elements
T+, T - \in \scrT h, i.e., F = T+ \cap T - ,the average and jump of vh \in Vh are defined by

\{ \{ vh\} \} =
1

2
vh| T+ +

1

2
vh| T - and JvhK= vh| T+\bfitn + + vh| T - \bfitn  - ,

where \bfitn \pm denotes the outward pointing unit normal of element T\pm . Note that the
jump turns a scalar function into a vector-valued quantity. If F \subset \partial \Omega \cap T for some
T \in \scrT h, we use

\{ \{ vh\} \} = vh and JvhK= vh\bfitn ,

where \bfitn is the outward pointing unit normal to \partial \Omega . Moreover, we need L2-type scalar
products in the mesh's bulk and skeleton, i.e., concerning \scrT h and \scrF h. We define

(wh, vh) = (wh, vh)\scrT h
=
\sum 

T\in \scrT h

\int 

T

whvh d\bfitx and

\langle \eta h, \sigma h\rangle = \langle \eta h, \sigma h\rangle \scrF h
=
\sum 

F\in \scrF h

\int 

F

\eta h \cdot \sigma h d\sigma ,

for wh, vh \in Vh and face-wise defined vectors \eta h, \sigma h. Importantly, (\cdot , \cdot )\scrT h
trivially

extends to expressions like (\nabla wh,\nabla vh)\scrT h
if we reinterpret the product in its definition.

In addition, we define the norms

\| vh\| 2\scrT h
= (vh, vh)\scrT h

and \| \eta h\| 2\scrF h
=
\sum 

F\in \scrF h

\epsilon + \mu h2
F

hF

\int 

F

\eta h \cdot \eta h d\sigma .(2.4)
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BOUND-PRESERVING AND CONSERVATIVE EDG METHODS A1765

Using the above notation, the baseline EG method used in this work is defined
as: Find uh \in Vh such that

ah(uh, vh) = bh(vh) for all vh \in Vh,(2.5a)

where ah denotes the symmetric interior penalty DG bilinear form and bh incorporates
the right-hand side f and the boundary data, i.e.,

ah(wh, vh) = (\epsilon \nabla wh,\nabla vh) + (\mu wh, vh) - \langle \{ \{ \epsilon \nabla wh\} \} , JvhK\rangle  - \langle \{ \{ \epsilon \nabla vh\} \} , JwhK\rangle (2.5b)

+

\Biggl\langle 
\gamma 
\epsilon + \mu h2

F

h\beta 
F

JwhK, JvhK

\Biggr\rangle 
,

b(vh) = (f, vh) - ah(\~uD,h, vh).(2.5c)

Above, \~uD,h \in \~V 1
h is an extension of the Lagrange interpolant of the boundary datum

inside the domain, \beta \in \BbbN , \gamma = \gamma 0L
\beta  - 1
\Omega , where \gamma 0 > 0 is a nondimensional penalty

parameter, and L\Omega is a characteristic length of \Omega (for example, it can be taken as the
diameter of \Omega ).

Strictly speaking, (2.5) is not the standard EG formulation as our EG version
enforces the element-wise constant component u0

h to approximate a homogeneous
Dirichlet boundary condition (via Nitsche's method, as enforced in DG schemes),
while the overall continuous solution component u1

h is set to zero strongly on the
boundary (since V 1

h \subset H1
0 (\Omega )). Eventually, we have that uh+\~uD,h \approx u. For a standard

EG discretization, the choice of extension \~uD,h of the boundary datum is irrelevant,
but due to its nonlinearity, for the method presented below it is simpler to follow the
approach given in [1, Sec. 4.1] and take \~uD,h to vanish in all the interior nodes. This
approach is also useful as we want to enforce that uh + \~uD,h preserves the prescribed
bounds at all (interior) nodes, and this is simplified by the present choice for \~uD,h.

The aforementioned treatment of the boundary conditions allows the solution
component u0

h to converge to zero rapidly, which will be a key aspect of our analysis.
Thereby, u0

h is only needed to establish the local mass conservation, but does not
contribute to the convergence of the method.

Remark 2.1 (Properties of the EG method).
1. In the standard EG (and DG) literature, the choice is \beta = 1. Nevertheless,

it will become clear in the analysis presented below that we will need larger
values for \beta . So, for the moment, we only state that \beta \geq 1.

2. Observing that Vh is a subspace of the standard DG space, and that ah(\cdot , \cdot )
is an elliptic bilinear form in the DG space, and so it is elliptic in Vh as
well. More precisely, using standard arguments (see, e.g., [13]), it can be
shown that if \gamma is large enough, there exists c0 > 0, independent of h and any
physical constant, such that

ah(vh, vh)\geq c0

\Biggl( 
\| \epsilon 1/2\nabla vh\| 20,\Omega + \| \mu 1/2vh\| 20,\Omega +

\sum 

F\in \scrF h

\gamma 
\epsilon + \mu h2

F

h\beta 
F

\| JvhK\| 20,F

\Biggr) (2.6)

=: c0\| vh\| 2ah
.

Then, the well-posedness of (2.5) follows.
3. The method (2.5) is locally mass conservative, as demonstrated by testing

with vh = 1 in one element T \in \scrT h and vh = 0 in all other elements T \in \scrT h.
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A1766 G. R. BARRENECHEA, P. L. LEDERER, AND A. RUPP

In this case, the bilinear form ah(wh,1| T ) is restricted to a single element
T \in \scrT h and reads

ah(wh,1| T ) =
\int 

T

\mu wh d\bfitx +
\sum 

F\in \scrF h

\int 

F\cap \partial T

\Biggl[ 
\gamma 
\epsilon + \mu h2

F

h\beta 
F

JwhK - \{ \{ \epsilon \nabla wh\} \} 
\Biggr] 
\cdot \bfitn T d\sigma .

The term in brackets is commonly defined as numerical flux, and it is uniquely
defined on interelement (and boundary) faces. Thus, multiplying it with the
element normal \bfitn T makes the face-wise integral antisymmetric, which is the
characterizing property for local mass conservation.

4. As it was mentioned earlier, we allow the possibility of taking \beta \geq 1. The error
analysis requires taking \beta = 4, which is the value considered in the numerical
experiments (although for completeness, results using smaller values will also
be presented). If we were to implement the EG method with this negative
power, it would significantly affect the condition number of the associated
matrix. Motivated by this fact, within the context of our bound-preserving
method presented below, we have also introduced an iterative scheme that
completely bypasses this issue.

5. Strictly speaking, a standard symmetric interior penalty DG bilinear form
would motivate the definition of the penalty (with a varying \beta scaling) by
\langle \gamma \epsilon 

h\beta 
F

JwhK, JvhK\rangle . Thus, compared to our definition, it would not include the

terms involving \mu . While this choice will aid in the analysis, it also has a
positive impact on stability with respect to the choice of \gamma , as discussed in
the numerical section.

3. Positivity-preserving finite elements. As discussed, we require our EG
approximate uh to remain within some invariant domain \scrG = [a, b], but the EG method
generally does not guarantee that uh(\bfitx ) \in \scrG for all \bfitx \in \Omega . Thus, we need to correct
it such that our corrected approximate u+

h \in Vh

1. takes values in \scrG only,
2. is locally mass conservative and optimally convergent.

To construct u+
h let us define a projection operator that attempts to correct a

function vh \in Vh such that it only takes values in \scrG . The construction of this operator
will be based on the split of Vh as piecewise linear and piecewise constant parts. So,
every vh \in Vh is split as

vh = v1h + v0h where vh \in Vh, v
1
h \in V 1

h , v
0
h \in V 0

h .(3.1)

Next, we denote by \phi 1, . . . , \phi N are the standard basis functions (the ``hat"" functions)
spanning the space V 1

h . Then, given wh =w1
h +w0

h \in Vh we define the truncation

Pwh
i (vh) =max

\bigl[ 
a - whi, min

\bigl( 
v1h(\bfitx i), b - whi

\bigr) \bigr] 
, where(3.2)

whi =min\{ w0
h(\bfitx ) : \bfitx \in \omega i\} and whi =max\{ w0

h(\bfitx ) : \bfitx \in \omega i\} .

Using this truncation, we define the (nonlinear) mapping

Pwh

h : Vh \ni vh \mapsto \rightarrow Pwh

h (vh) =

N\sum 

i=1

Pwh
i (vh)\phi i +w0

h \in Vh.
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BOUND-PRESERVING AND CONSERVATIVE EDG METHODS A1767

T1 T2 T3 T1 T2 T3

a = 0

b = 1

Fig. 1. Illustration of P
vh
h on three elements T1, T2, T3. Left: vh (cyan) and v1h (orange) and

v0h (purple). Right: v+h (cyan) and v1+h (orange) with v - h (purple). In both cases, a= 0 and b= 1.

Additionally, we introduce the operatorQwh

h (vh) = v1h - [Pwh

h (vh)]
1, and emphasize

that the superscripts 0 and 1 always refer to the decomposition according to (3.1).
Finally, we abbreviate

v+h = v1+h + v0h = P vh
h (vh)\in Vh and v - h = v1 - h =Qvh

h (vh)\in V 1
h \subset Vh,

where v1+h =
\sum N

i=1P
vh
i (vh)\phi i. The effect of these operators is illustrated in Figure 1

for the one-dimensional case.
The mapping P vh

h is built with the aim of guaranteeing that P vh
h (\bfitx ) \in \scrG for all

\bfitx \in \Omega . This is not necessarily true for every vh \in Vh. In the next result, we state
the condition under which this fact can be achieved, and we will identify criteria that
inform the assumptions made in section 4.4.

Lemma 3.1. Let vh \in Vh. If a - vhi \leq b - vhi for all node indices i = 1, . . . ,N ,
then v+h (\bfitx )\in \scrG for all \bfitx \in \Omega .

3.1. The nonlinear finite element method. With the notations introduced
in the last section, we introduce the finite element method studied in this work: Find
uh \in Vh such that

ah(u
+
h , vh) + sh(u

 - 
h , vh) = bh(vh) \forall vh \in Vh .(3.3)

Here, the bilinear form ah and linear form bh are defined as in (2.5), while the stabi-
lization term for any vh,wh \in Vh reads

sh(wh, vh) = \alpha 

N\sum 

i=1

(\epsilon hd - 2
i + \mu hd

i )w
1
h(\bfitx i)v

1
h(\bfitx i).(3.4)

Here, \alpha > 0 is a nondimensional stabilization parameter, and hi = max\{ hT | T \in 
\scrT h with T \subset \omega i\} . The stabilization term sh induces the norm \| \cdot \| sh on V 1

h (and thus
a seminorm in Vh).

The finite element method just presented is nonlinear since u+
h is a nonlinear

transformation of uh. So, it requires an appropriate linearization. In addition, as
mentioned earlier, the presence of the term h - \beta 

F in the penalty can affect the condition
number of the linear subproblems tremendously. To address these two issues, we now
present a fixed-point iterative algorithm that enables us to both prove the existence
of solutions and circumvent the potential ill-conditioning of the scheme. For this, we
define the mapping

\widetilde T : V 0
h \ni w0

h \mapsto \rightarrow w1
h \mapsto \rightarrow \~w0

h \in V 0
h ,(3.5a)
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by the following algorithm:

Step 1: Compute w1
h \in V 1

h by solving the nonlinear scheme:
(3.5b)

ah([P
w0

h

h wh]
1, v1h) + sh([Q

w0
h

h wh]
1, v1h) = (f, v1h)\scrT h

 - ah(w
0
h, v

1
h) \forall v1h \in V 1

h .

Step 2: Compute \~w0
h \in V 0

h as solution of

(3.5c) ah( \~w
0
h, v

0
h) = (f, v0h)\scrT h

 - ah(w
1+
h , v0h) - sh(w

1 - 
h , v0h)\underbrace{}  \underbrace{}  
=0

\forall v0h \in V 0
h .

In the analysis presented in the next section, we will show that the operator \widetilde T is
well-defined. In addition, we make the following observations:

1. a function \~wh = \~w1
h+ \~w0

h comprising the fixed-point \~w0
h of \widetilde T and the solution

of (3.5b) with w0
h replaced by \~w0

h solves (3.3), which we can easily see by

adding (3.5b) and (3.5c). So, in the next section we will show that \widetilde T has a
fixed point;

2. since the problem (3.5b) is posed over the space V 1
h (which contains only

continuous functions), the jump terms vanish. Thus, the condition number
of the linear problems needed to solve (3.5b) is independent of \beta ;

3. the left-hand side of (3.5c) can be simplified to

(\mu \~w0
h, v

0
h)\scrT h

+
\sum 

F\in \scrF h

\gamma (\epsilon + \mu h2
F )

h\beta 
F

\int 

F

[[ \~w0
h]] \cdot [[v0h]] .

Since the mesh is assumed to be shape-regular, then the matrix associated
with (3.5c) can be proven to have a condition number independent of \beta . We
shall provide more details on this in section 6.2.

Remark 3.2 (Bound preservation and mass conservation). Clearly, u+
h takes only

values in \scrG achieving the target described in item 1. Moreover, the stabilization
sh(u

 - 
h , vh) vanishes if the vh \in Vh is chosen as the characteristic function of one mesh

element, i.e., from the space V 0
h . So, the method (3.3) reduces to the terms only

included in (2.5) for such a test function, and thus the solution u+
h satisfies the local

mass conservation criterion of item 2 (see also item 3 in Remark 2.1) with the same
numerical inter-element flux as the EG scheme defined in (2.5).

4. Existence of a discrete solution. This section establishes the existence
and stability of a solution to (3.3), which is made explicit in the following Theorem:

Theorem 4.1. Let \beta \geq 2 and let us suppose that \alpha , \gamma > 0 are sufficiently large.
Then, there exists a solution uh = u1

h + u0
h \in Vh of (3.3). In addition, the piecewise

constant part u0
h satisfies the following a priori bound

(4.1) \| [[u0
h]]\| 2\scrF h

\leq C
h2\beta  - 4

\gamma 2

\bigl[ 
C2

P\mu 
 - 1\| f\| 20,\Omega + (C2

P\mu + \epsilon )max(| a| , | b| )2| \Omega | 
\bigr] 
,

where C > 0 depends only on the shape-regularity of the mesh.

To show this result, we will exploit the fixed-point iteration defined in (3.5a).
Thus, we need to show that the subproblems (3.5b) and (3.5c) are well-posed, i.e.,
that Step 1 and Step 2 in the construction of \~T are well-defined and continuous

In the analysis presented in the next section, we will show that the operator \widetilde T is
well-defined. In addition, we make the following observations:

1. a function \~wh = \~w1
h+ \~w0

h comprising the fixed-point \~w0
h of \widetilde T and the solution

of (3.5b) with w0
h replaced by \~w0

h solves (3.3), which we can easily see by

adding (3.5b) and (3.5c). So, in the next section we will show that \widetilde T has a
fixed point;

2. since the problem (3.5b) is posed over the space V 1
h (which contains only

continuous functions), the jump terms vanish. Thus, the condition number
of the linear problems needed to solve (3.5b) is independent of \beta ;

3. the left-hand side of (3.5c) can be simplified to

(\mu \~w0
h, v

0
h)\scrT h

+
\sum 

F\in \scrF h

\gamma (\epsilon + \mu h2
F )

h\beta 
F

\int 

F

J \~w0
hK \cdot Jv0hK .

Since the mesh is assumed to be shape-regular, then the matrix associated
with (3.5c) can be proven to have a condition number independent of \beta . We
shall provide more details on this in section 6.2.

Remark 3.2 (Bound preservation and mass conservation). Clearly, u+
h takes only

values in \scrG achieving the target described in item 1. Moreover, the stabilization
sh(u

 - 
h , vh) vanishes if the vh \in Vh is chosen as the characteristic function of one mesh

element, i.e., from the space V 0
h . So, the method (3.3) reduces to the terms only

included in (2.5) for such a test function, and thus the solution u+
h satisfies the local

mass conservation criterion of item 2 (see also item 3 in Remark 2.1) with the same
numerical interelement flux as the EG scheme defined in (2.5).

4. Existence of a discrete solution. This section establishes the existence
and stability of a solution to (3.3), which is made explicit in the following Theorem:

Theorem 4.1. Let \beta \geq 2 and let us suppose that \alpha ,\gamma > 0 are sufficiently large.
Then, there exists a solution uh = u1

h + u0
h \in Vh of (3.3). In addition, the piecewise

constant part u0
h satisfies the following a priori bound

\| Ju0
hK\| 2\scrF h

\leq C
h2\beta  - 4

\gamma 2

\bigl[ 
C2

P\mu 
 - 1\| f\| 20,\Omega + (C2

P\mu + \epsilon )max(| a| , | b| )2| \Omega | 
\bigr] 
,(4.1)

where C > 0 depends only on the shape-regularity of the mesh.

To show this result, we will exploit the fixed-point iteration defined in (3.5a).
Thus, we need to show that the subproblems (3.5b) and (3.5c) are well-posed, i.e., that
Step 1 and Step 2 in the construction of \~T are well-defined and continuous operations.
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BOUND-PRESERVING AND CONSERVATIVE EDG METHODS A1769

We do this in Lemmas 4.8 and 4.9, respectively. Afterward, we establish the fact that
\~T admits at least one fixed-point by applying Brouwer's fixed point theorem in an
adequately constructed ball, cf. section 4.3. To this end, we use that \~T is continuous
(which follows from Lemmas 4.8 and 4.9) and show that it maps the adequately
constructed ball to itself. We start this endeavor by providing auxiliary results.

4.1. Preliminaries and auxiliary results. We exploit our fixed-point itera-
tion (3.5a) to prove this result. Thus, we need to prove that (3.5b) and (3.5c) induce
well-posed problems, which we perform in Lemmas 4.7 and 4.9, respectively. To this
end, we need several auxiliary results.

Lemma 4.2 (Broken Poincar\'e inequality, [9]). For every v0h \in V 0
h the following

broken Poincar\'e inequality holds

\| v0h\| 0,\Omega \leq CP

\Biggl\{ \sum 

F\in \scrF h

1

hF

\| Jv0hK\| 20,F

\Biggr\} 1
2

,

where CP > 0 depends only on \Omega and the regularity of the mesh.

Lemma 4.3. There is a constant Cequiv, which only depends on the mesh regular-
ity, such that

\bigl( 
\mu \| v1h\| 2\scrT h

+ \epsilon \| \nabla v1h\| 2\scrT h

\bigr) 1/2
= \| v1h\| ah

\leq 
Cequiv\surd 

\alpha 
\| v1h\| sh for all v1h \in V 1

h .

Proof. The proof of a very similar result can be seen in [3, Eq. (3.8)], but we
summarize it here for completeness. First, using the following inverse inequality (see
[14, Lem. 12.1]): There is a constant \~c > 0, independent of h such that

\~ch2
T | v1h| 21,T \leq \| v1h\| 20,T(4.2)

for all v1h \in V 1
h . In addition, we recall the following inequality, whose proof can be

found, e.g., in [14, Prop. 12.5]:

\| v1h\| 20,T \leq C
\sum 

\bfitx i\in T

hd
i [v

1
h(\bfitx i)]

2(4.3)

for all v1h \in V 1
h . Then, using the inverse inequality (4.2) followed by (4.3) we get to

\mu \| v1h\| 2\scrT h
+ \epsilon \| \nabla v1h\| 2\scrT h

\leq C
\sum 

T\in \scrT h

(\mu + \epsilon h - 2
T )\| v1h\| 20,T

\leq C
\sum 

T\in \scrT h

(\mu + \epsilon h - 2
T )

\sum 

\bfitx i\in T

hd
i [v

1
h(\bfitx i)]

2

\leq C

\alpha 
s(v1h, v

1
h) ,

where in the last step we used the mesh regularity. This finishes the proof.

Lemma 4.4. Given v0h \in V 0
h , there is a constant C (independent of h and v0h) such

that

\| v1+h \| 20,\Omega \leq C
\bigl[ 
max(| a| , | b| )2| \Omega | + \| v0h\| 20,\Omega 

\bigr] 
, for all v1h \in V 1

h .
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Proof. Let v1h \in V 1
h . The definition of v1+h (\bfitx i) implies that | v1+h (\bfitx i)| \leq max(| a| ,

| b| )+\| v0h\| \infty ,\omega i
. Using this fact, the inverse inequality (4.2), the scaling (4.3), and the

mesh regularity we get to

\| v1+h \| 20,\Omega \leq C

N\sum 

i=1

[max(| a| , | b| ) + \| v0h\| \infty ,\omega i
]2hd

i \leq C
\bigl[ 
max(| a| , | b| )2| \Omega | + \| v0h\| 20,\Omega 

\bigr] 
,

which finishes the proof.

In addition, we also recall the following trace-inverse inequality (see [14,
Lem. 12.10]):

Lemma 4.5. There exists C > 0, depending only on the mesh regularity such that
for any T \in \scrT h and a facet F of T , and any vh \in Vh the following holds

\| vh\| 0,F \leq C h
 - 1/2
T \| vh\| 0,T .(4.4)

The next two results are instrumental in the proof that the nonlinear prob-
lem from Step 1 (cf. (3.5b)) is well-posed. The first result is an generalization of
[3, Lem. 3.1] to the present (more involved) case, so we present a summarized proof.

Lemma 4.6. For given w0
h \in V 0

h , we have the following relations for all r1h, v
1
h \in V 1

h

sh([Q
w0

h

h r1h]
1  - [Q

w0
h

h v1h]
1, [P

w0
h

h r1h]
1  - [P

w0
h

h v1h]
1)\geq 0.

Proof. Proving the inequality works by going through the below cases. While
each of the cases is easy to verify (see also [3, Lem. 3.1] to this end), it is essential to
observe that they cover all possible combinations that r1h and v1h can create:

\bullet r1, v1 \geq b - whi or r1, v1 \leq a - whi: In this case [P
w0

h

h r1h]
1 = [P

w0
h

h v1h]
1.

\bullet a - whi \leq r1, v1 \leq b - whi: In this case [Q
w0

h

h r1h]
1 = [Q

w0
h

h v1h]
1.

\bullet v1 \leq a  - whi \leq r1: [P
w0

h

h v1h]
1 = a  - whi, [P

w0
h

h r1h]
1 \geq a  - whi, [Q

w0
h

h v1h]
1 \leq 0,

[Q
w0

h

h r1h]
1 \geq 0.

\bullet r1 \leq a  - whi \leq v1: [P
w0

h

h r1h]
1 = a  - whi, [P

w0
h

h v1h]
1 \geq a  - whi, [Q

w0
h

h r1h]
1 \leq 0,

[Q
w0

h

h v1h]
1 \geq 0.

\bullet v1 \leq b  - whi \leq r1: [P
w0

h

h v1h]
1 = b  - whi, [P

w0
h

h r1h]
1 \leq b  - whi, [Q

w0
h

h v1h]
1 \geq 0,

[Q
w0

h

h r1h]
1 \leq 0.

\bullet r1 \leq b  - whi \leq v1: [P
w0

h

h r1h]
1 \leq b  - whi, [P

w0
h

h v1h]
1 = a  - whi, [Q

w0
h

h r1h]
1 \leq 0,

[Q
w0

h

h v1h]
1 \geq 0.

Lemma 4.7. For given w0
h \in V 0

h let us define the operator \~T1 : V
1
h \rightarrow [V 1

h ]
\ast \simeq V 1

h

via

[ \~T1r
1
h, v

1
h] = ah([P

w0
h

h rh]
1, v1h) + sh([Q

w0
h

h rh]
1, v1h) for all vh \in V 1

h .(4.5)

Then, \~T1 is continuous. Moreover, if \alpha \geq Cequiv, \~T1 is strongly monotone in the sense
that there is CM > 0 with

[ \~T1v
1
h  - \~T1r

1
h, v

1
h  - r1h]\geq CM\| v1h  - r1h\| 2ah

for all v1h, r
1
h \in V 1

h .(4.6)

Proof. The proof follows exactly the same lines as that of [3, Thm. 3.2] with
[3, Lem. 3.1: (25)] replaced by Lemma 4.6.
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BOUND-PRESERVING AND CONSERVATIVE EDG METHODS A1771

4.2. Well-posedness of the iteration defined in (3.5a).

Lemma 4.8 (Well-posedness of (3.5b)). Under the assumptions of Lemma 4.7,
(3.5b) uniquely defines w1

h \in V 1
h for a given w0

h. Moreover, if \^w0
h, \=w

0
h \in V 0

h , and
\^w1
h, \=w

1
h \in V 1

h are their images under \~T1, then the following Lipschitz continuity holds

\| \^w1
h  - \=w1

h\| ah
\leq 1

CM
\| \^w0

h  - \=w0
h\| ah

.

Proof. The existence and uniqueness of the solution of (3.5b) are a direct conse-
quence of the strong monotonicity and continuity of \~T1 (see, e.g., [27, Thm. 10.49]).
To prove the Lipschitz continuity, let \^w0

h, \=w
0
h \in V 0

h and \^w1
h, \=w

1
h \in V 1

h be their images
under \~T1. Then, using (4.6) and the problem (3.5b) we get to

CM\| \^w1
h  - \=w1

h\| 2ah
\leq [ \~T1 \^w

1
h, \^w

1
h  - \=w1

h] - [ \~T1 \=w
1
h, \^w

1
h  - \=w1

h] = ah( \=w
0
h  - \^w0

h, \^w
1
h  - \=w1

h),

and the proof is finished using the continuity of ah(\cdot , \cdot ).
Once the proof that Step 1 is well-defined, we prove that the second step in the

definition of \widetilde T is also well-posed, thus proving that \widetilde T is well-defined.

Lemma 4.9 (Well-posedness of (3.5c)). For any given w1
h \in V 1

h , there exists a
unique \~w0

h \in V 0
h solution of (3.5c). Moreover, if \^w1+

h , \=w1+
h \in V 1

h and \^w0
h, \=w

0
h \in V 0

h

are the solutions of (3.5c) with \^w1+
h and \=w1+

h as right-hand sides, respectively, the
following Lipschitz continuity holds

\| \^w0
h  - \=w0

h\| ah
\leq \| \^w1+

h  - \=w1+
h \| ah

.

Proof. For w0
h, v

0
h \in V 0

h the bilinear form on the left-hand side of (3.5c) reduces to

ah(w
0
h, v

0
h) = \mu (w0

h, v
0
h)\scrT h

+ \gamma 

\Biggl\langle 
\epsilon + \mu h2

F

h\beta 
F

Jw0
hK, Jv0hK

\Biggr\rangle 

\scrF h

for all w0
h, v

0
h \in V 0

h .(4.7)

This form is continuous and \| J\cdot K\| \scrF h
-elliptic with ellipticity constant \gamma h1 - \beta . Thus,

the problem in (3.5c) is well-posed. To prove the Lipschitz continuity, we consider
(3.5c) with the two different right-hand sides, subtract the equations, and get to

ah( \^w
0
h  - \=w0

h, v
0
h) = ah( \^w

1+
h  - \=w1+

h , v0h),

for every v0h \in V 0
h . Taking v0h = \^w0

h  - \=w0
h and using Cauchy--Schwarz's inequality on

the right-hand side above leads to the result.

4.3. Proof of Theorem 4.1. We start proving the following a priori stability
result for the solution of (3.5c).

Lemma 4.10. Let \beta \geq 2, w1
h \in V 1

h be given, and let \~w0
h \in V 0

h be the solution of
(3.5c) with w1

h \in V 1
h on the right-hand side. Then, there exists a constant C > 0,

depending only on the mesh regularity, such that

\| J \~w0
hK\| 2\scrF h

\leq C
h2\beta  - 4

\gamma 2

\bigl[ 
C2

P\mu 
 - 1\| f\| 20,\Omega + (C2

P\mu + \epsilon )\| w1+
h \| 20,\Omega 

\bigr] 
.
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A1772 G. R. BARRENECHEA, P. L. LEDERER, AND A. RUPP

Proof. Let v0h = \~w0
h in (3.5c) and \~\gamma = \gamma 

h\beta  - 1 . Then, using (4.7), the ellipticity of
ah(\cdot , \cdot ) in V 0

h , (3.5c), Cauchy--Schwarz's inequality, the local trace-inverse inequality
(4.4), the broken Poincar\'e inequality from Lemma 4.2, and a global inverse inequality,
we get to

\| \surd \mu \~w0
h\| 20,\Omega + \~\gamma \| J \~w0

hK\| 2\scrF h
= ah( \~w

0
h, \~w

0
h)

= (f, \~w0
h)\scrT h

 - ah(w
1+
h , \~w0

h)

= (f, \~w0
h)\scrT h

 - (\mu w1+
h , \~w0

h)\scrT h
 - \langle \{ \{ \varepsilon \nabla w1+

h \} \} , J \~w0
hK\rangle \scrF h

\leq CP\mu 
 - 1

2h - 1\| f\| 0,\Omega \| J \~w0
hK\| \scrF h

+CP

\surd 
\mu h - 1\| w1+

h \| 0,\Omega \| J \~w0
hK\| \scrF h

+C
\surd 
\epsilon \| \nabla w1+

h \| 0,\Omega \| J \~w0
hK\| \scrF h

\leq C
\Bigl( 
CP\mu 

 - 1
2h - 1\| f\| 0,\Omega +CP

\surd 
\mu h - 1\| w1+

h \| 0,\Omega +
\surd 
\epsilon h - 1\| w1+

h \| 0,\Omega 
\Bigr) 
\| J \~w0

hK\| \scrF h
.

The proof then follows from rearranging terms.

Lemma 4.11. Let us assume that \beta \geq 2. Then, if \gamma > 0 is sufficiently large,
\~T : B1(0)\rightarrow B1(0), where B1(0)\subset V 0

h is the closed unit ball in (V 0
h ,\| J\cdot K\| \scrF h

).

Proof. Using Lemma 4.4, Lemma 4.10, and the broken Poincar\'e inequality from
Lemma 4.2 we get to

\| J \~w0
hK\| 2\scrF h

\leq C
h2\beta  - 4

\gamma 2

\bigl[ 
C2

P\mu 
 - 1\| f\| 20,\Omega + (C2

P\mu + \epsilon )\| w1+
h \| 20,\Omega 

\bigr] 
(4.8)

\leq C
h2\beta  - 4

\gamma 2

\bigl[ 
C2

P\mu 
 - 1\| f\| 20,\Omega + (C2

P\mu + \epsilon )
\bigl( 
max(| a| , | b| )2| \Omega | + \| w0

h\| 20,\Omega 
\bigr) \bigr] 

\leq C
h2\beta  - 4

\gamma 2

\Biggl[ 
C2

P\mu 
 - 1\| f\| 20,\Omega + (C2

P\mu + \epsilon )max(| a| , | b| )2| \Omega | +C2
P

C2
p\mu + \epsilon 

\epsilon + \mu h2
\| Jw0

hK\| 2\scrF h

\Biggr] 
.

The result is then proved by noticing that \gamma can always be chosen large enough so
that the last term in the right-hand side above can be hidden in the left-hand side,
and the resulting right-hand side is smaller than 1.

The proof of Theorem 4.1 appears as a corollary of the above results.

Proof of Theorem 4.1. Since the EG finite element space is finite-dimensional, the
operator \~T is continuous and maps the closed unit ball (a convex compact set) onto
itself. Thus, Brouwer's fixed-point Theorem (see, e.g., [27, Thm. 10.41]) states that
\~T has at least one fixed point in B1(0), which is the desired result.

4.4. Worst-case criterion for positivity preservation. Lemma 3.1 implies
that for each iterate wh \in Vh defined via (3.5a), we have w+

h \in \scrG if \| w0
h\| 0,\infty ,\Omega < b - a

2 .
This section underlines that this criterion can always easily be satisfied if either \beta is
large enough, \gamma is large enough, or h is small enough. To this end, we start observing
that using the inverse inequality, we get

\| \~w0
h\| 0,\infty ,\Omega \leq C h - d/2\| \~w0

h\| 0,\Omega ,
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BOUND-PRESERVING AND CONSERVATIVE EDG METHODS A1773

which can be combined with Lemma 4.2 and (4.8) to obtain

\| \~w0
h\| 0,\infty ,\Omega \leq C h - d/2\| \~w0

h\| 0,\Omega \leq C h - d/2

\Biggl\{ \sum 

F\in \scrF h

1

hF

\| Jw0
hK\| 20,F

\Biggr\} 1
2

\leq C
h - d/2

\sqrt{} 
\epsilon + \mu h2

\| w0
h\| \scrF h

\leq C
min\{ \epsilon  - 1/2, \mu 

 - 1/2

h \} 
\gamma 

h\beta  - 2 - d/2

\times 
\biggl[ 
C2

P

\mu 
\| f\| 20,\Omega + (C2

P\mu + \epsilon )
\bigl( 
max(| a| , | b| )2| \Omega | + \| w0

h\| 20,\Omega 
\bigr) \biggr] 1

2

.

So, assuming that \beta \geq 2 + d/2, or that \gamma is large enough, for w0
h \in V 0

h satisfying
\| w0

h\| 20,\Omega \leq 1, we conclude that \| \~w0
h\| 0,\infty ,\Omega \leq (b - a)/2, thus guaranteeing that the next

iterate \~w+
h belongs to \scrG .

5. Convergence order estimates. In this section, we prove optimal order error
estimates for the present bound-preserving EG method. The order of convergence
appears as a result of the overpenalization of the jump terms. More precisely, the
stability bound (4.1) proven in Theorem 4.1 is an error estimate in its own right,
providing optimal convergence for u0

h if \beta \geq 4, since in such a case u0
h \rightarrow 0 is sufficiently

fast. Thus, the approximation properties of the current EG method stem from those
of the continuous finite element subspace, while the piecewise constant enrichment
is responsible for the local mass conservation. A similar interpretation of the best
approximation properties can be used to argue for the convergence of DG methods,
which converge optimally since the jump terms in the solutions converge to zero
sufficiently quickly (the continuous solution does not have discontinuities).

We start by stating the following estimate for u0
h. It is important to notice that

this result is, in fact, a rewriting of Theorem 4.1.

Corollary 5.1. Under the assumptions of Theorem 4.1, Let u0
h be the piecewise

constant part of a solution uh of (3.3). Then, the following error estimate holds

\| Ju0
hK\| 2\scrF h

\leq C
h2\beta  - 4

\gamma 2

\bigl[ 
C2

P\mu 
 - 1\| f\| 20,\Omega + (C2

P\mu + \epsilon )max(| a| , | b| )2| \Omega | 
\bigr] 
.(5.1)

Remark 5.2. Thanks to the broken Poincar\'e inequality from Lemma 4.2, we also
have that \| u0

h\| 0,\Omega \leq C h\beta  - 3/2.

We now state the main convergence result of this work.

Theorem 5.3. Let us assume that u \in H2(\Omega ) solves (2.2), \beta \geq 4, and that the
assumptions of Theorem 4.1 hold. Then, the following error estimate holds

\Bigl( 
\mu \| u - u+

h \| 20,\scrT h
+ \epsilon \| \nabla (u - u+

h )\| 20,\scrT h
+ \| Ju0

hK\| 2\scrF h

\Bigr) 1/2

\leq C h(
\surd 
\mu h+

\surd 
\epsilon )
\Bigl( 
| u| 2,\Omega +

\sqrt{} 
\~C(f, a, b,\Omega )

\Bigr) 
,

where \~C(f, a, b,\Omega )= \gamma  - 2[C2
P\mu 

 - 1\| f\| 20,\Omega +(C2
P\mu +\epsilon )max(| a| , | b| )2| \Omega | ], and the constant

C does not depend on the mesh size, nor the physical coefficients of the problem.

The first step in the proof of the error is the following result that states that the
constrained part of the discrete solution u+

h satisfies a variational inequality.
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A1774 G. R. BARRENECHEA, P. L. LEDERER, AND A. RUPP

Lemma 5.4. Let uh \in Vh solve (3.3) and define the closed convex set

V +
h = \{ vh \in Vh : vh = P

u0
h

h wh for some wh \in Vh\} .(5.2)

Then, the function u+
h satisfies

ah(u
+
h , vh  - u+

h )\geq b(vh  - u+
h ) \forall vh \in V +

h .

Proof. As in the proof of [3, Thm. 3.5], we can derive that

ah(u
+
h , vh  - u+

h ) + s(u1 - 
h , v1h  - u1+

h ) = b(vh  - u+
h ) \forall vh \in V +

h .

Using that P
u0
h

h vh = vh and Q
u0
h

h vh = 0 for vh \in V +
h we exploit Lemma 4.6 to deduce

that

s(u1 - 
h , v1h  - u1+

h ) = s([Q
u0
h

h uh]
1  - [Q

u0
h

h vh]
1, [P

u0
h

h vh]
1  - [P

u0
h

h uh]
1)\leq 0 \forall vh \in V +

h ,

which implies the result.

To exploit the variational inequality proven above, we must choose an appropriate
test function. To achieve this, we introduce the Lagrange interpolation operator \scrI h :
C0(\=\Omega )\rightarrow V 1

h defined in [14, Ch.r 11], and define the test function

\~vh := P
u0
h

h (\scrI hu).(5.3)

Then, the following result holds.

Lemma 5.5. The following error estimate holds

\mu \| u - u+
h \| 20,\scrT h

+ \epsilon \| \nabla (u - u+
h )\| 20,\scrT h

\leq C
\Bigl( 
\epsilon \| \nabla (u - \~vh)\| 20,\scrT h

+ \mu \| u - \~vh\| 20,\scrT h
+ \| Ju0

hK\| 2\scrF h

\Bigr) 
,

where C > 0 depends only on the mesh regularity.

Proof. Thanks to the regularity assumption on u, the EG method used in this
work is consistent, and thus

ah(u, vh  - u+
h ) = b(vh  - u+

h ) ,

for every vh \in Vh. So, for every vh \in V +
h , where we remind that V +

h is given by (5.2),
the following inequality holds

ah(u
+
h  - u, vh  - u+

h )\geq 0 .

Next, considering \~vh defined in (5.3), using the ellipticity of the bilinear form ah(\cdot , \cdot ),
the Cauchy--Schwarz inequality, the local trace-inverse result (4.4), the fact that \~vh - 
u+
h is continuous, and that J\~vh  - uK= JPu0

h

h (\scrI hu)K=Ju0
hK we get

\| \~vh  - u+
h \| 2ah

= ah(\~vh  - u+
h , \~vh  - u+

h )

= ah(\~vh  - u, \~vh  - u+
h ) + ah(u - u+

h , \~vh  - u+
h )\underbrace{}  \underbrace{}  

\leq 0

\leq ah(\~vh  - u, \~vh  - u+
h )
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BOUND-PRESERVING AND CONSERVATIVE EDG METHODS A1775

= \epsilon (\nabla (\~vh  - u),\nabla (\~vh  - u+
h ))\scrT h

+ \mu (\~vh  - u, \~vh  - u+
h )\scrT h

 - \langle \epsilon \{ \{ \nabla (\~vh  - u+
h )\} \} , J\~vh  - uK\rangle \scrF h

\leq C
\Bigl( 
\epsilon \| \nabla (u - \~vh)\| 20,\scrT h

+ \mu \| u - \~vh\| 20,\scrT h
+ \| Ju0

hK\| 2\scrF h

\Bigr) 1
2 \| \~vh  - u+

h \| ah
,

which, after using the triangle inequality, proves the result.

To prove the error, it only remains to bound the difference u - \~vh = u - P
u0
h

h (\scrI hu).
We remark that u0

h has already been bounded in Corollary 5.1, so it only remains to

bound the difference u - [P
u0
h

h (\scrI hu)]1. The following result states that bound.

Lemma 5.6. Let wh=w1
h +w0

h \in Vh be arbitrary. Then, there exists a constant
C > 0 depending only on the mesh regularity such that

\| w1
h  - [P

w0
h

h (wh)]
1\| 0,\Omega =\| w1

h  - w1+
h \| 0,\Omega \leq C \| w0

h\| 0,\Omega ,
\| \nabla w1

h  - \nabla [P
w0

h

h (wh)]
1\| 0,\Omega =\| \nabla w1

h  - \nabla w1+
h \| \scrT h

\leq C h - 1\| w0
h\| 0,\Omega .

Proof. Let T \in \scrT h. Then, using (4.3) and the regularity of the mesh family, we get

\| w1
h  - w1+

h \| 20,T \leq C hd max
\bfitx i\in T

(w1
h(\bfitx i) - w1+

h (\bfitx i))
2\leq Chd max

\^T\in \omega T

\| w0
h\| 20,\infty ,\omega T

\leq C \| w0
h\| 20,\omega T

.

Adding over the elements in the mesh yields the first inequality. The second one
follows using the inverse inequality.

Gathering all these preliminary results, we can finally prove Theorem 5.3.

Proof of Theorem 5.3. Classical approximation properties of \scrI h (see, e.g., [14])
yield

\surd 
\mu \| u - \scrI hu\| 0,\Omega +

\surd 
\epsilon \| \nabla (u - \scrI hu)\| 0,\Omega \leq C (

\surd 
\mu h+

\surd 
\epsilon )h| u| 2,\Omega .

In addition, using Lemma 5.6, the approximation properties of \scrI h and Corollary 5.1
we arrive at

\| u - \~vh\| 0,\Omega \leq \| u - \scrI hu\| 0,\Omega + \| \scrI hu - [P
u0
h

h (\scrI hu)]1\| 0,\Omega + \| u0
h\| 0,\Omega 

\leq Ch2| u| 2,\Omega +C\| u0
h\| 0,\Omega 

\leq Ch2| u| 2,\Omega +Ch\beta  - 2

\sqrt{} 
\~C(f, a, b,\Omega ) ,

\| \nabla (u - \~vh)\| 0,\scrT h
\leq \| \nabla (u - \scrI hu)\| 0,\scrT h

+ \| \nabla (\scrI hu - [P
u0
h

h (\scrI hu)]1)\| 0,\scrT h

\leq Ch| u| 2,\Omega +Ch - 1\| u0
h\| 0,\Omega 

\leq Ch| u| 2,\Omega +Ch\beta  - 3

\sqrt{} 
\~C(f, a, b,\Omega ) .

Gathering the last inequalities and using that \beta \geq 4 proves the error estimate.

6. Numerical examples. This section presents various numerical examples to
validate our theoretical findings and discuss implementation aspects. All computa-
tions were done using the finite element library Netgen/NGSovle; see [30], www.
ngsolve.org.

6.1. An iterative algorithm. To solve the nonlinear problem (3.3), we follow
a similar strategy as was presented in [3], i.e., we consider using a Richardson-like
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iterative approximation. However, since an iteration of the (linearized) fully coupled
problem defined on Vh might lead to very ill-conditioned system matrices, see sec-
tion 6.2 below, we define a nested iterative scheme that is motivated by the fixed
point iteration (3.5a) introduced in section 3. Each step in the iterative algorithm
includes solving (3.5b) and (3.5c). While (3.5c) is linear and can be solved with clas-
sical tools (e.g., a direct solver), we introduce another iterative (sub) scheme to solve
the nonlinear problem (3.5b).

To track the nested iterative algorithm, we use the following notation. The outer
loop, resembling the iteration of the fixed point iteration (3.5a), is denoted by the
index m. The inner loop, resembling the iteration of the linearized problem (3.5b), is
denoted by the index n. Correspondingly, we denote use u1

h

\bigm| \bigm| n
m

to indicate the linear
part of the solution of the linearized problem at the n-th inner iteration of the m-th
outer iteration. Since uh

\bigm| \bigm| 
m

is fixed in the inner loop, we omit the index m for the
constants in the following. Now consider a tolerance tolm for the outer loop and a
tolerance toln for the inner loop. The algorithm is then defined as follows:

Given a starting guess u0
h 0

∈ V 0
h we solve for all m = 0, 1, ... the problem for

u0
h m+1

:

Step 1: Solve the following iteration to find u1
h m+1

:

Given the starting guess u1
h

0

m
= u1

h m
and a damping parameter

ω ∈ (0, 1], for each n = 0, ... we find u1
h

n+1

m
∈ V 1

h such that for all

v1h ∈ V 1
h there holds

ah(u
1
h

n+1

m
, v1h) =ah(u

1
h

n

m
, v1h)

+ ω (f, v1h)− ah([P
u0
h m

h u1
h

n

m
]1, v1h)− sh([Q

u0
h m

h u1
h|nm]1, v1h) ,

until u1
h

n+1

m
− u1

h

n

m 0 ≤ toln. Let N denote the number of iter-

ations needed to reach the tolerance toln. We then set u1
h m+1

=

u1
h

N

m
.

Step 2: To find u0
h m+1

, solve the problem:

ah(u
0
h m+1

, v0h) = (f, v0h)− ah(u
1
h m+1

, v0h), ∀v0h ∈ V 0
h .

Terminate the (outer) iteration when u0
h m+1

− u0
h m 0 ≤ tolm.

We chose \omega = 1 in our numerical examples and tested different values for the
stopping criteria. Surprisingly, we found that the tolerance of the inner loop is not
crucial for the algorithm's convergence. We observed that the algorithm converges for
a wide range of tolerances; see section 6.3 for more details. As a starting guess for
the outer loop, we used u0

h

\bigm| \bigm| 
0
= [uinit

h ]0, i.e., the constant part of uinit
h given as the

solution of the standard EG problem without modification, i.e.,

ah(u
init
h , vh) = (f, vh), \forall vh \in Vh.

We similarly used u1
h

\bigm| \bigm| 
0
= [uinit

h ]1 for the inner loop.
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BOUND-PRESERVING AND CONSERVATIVE EDG METHODS A1777

6.2. The condition number of the linearized problems. Let \BbbA denote the
finite element matrix associated to the bilinear form ah(\cdot , \cdot ), that is, the matrix that
needs to be inverted when solving a linearized problem of (3.3). In the discussion
that follows, we can neglect the stabilization term sh(\cdot , \cdot ), as it only appears on the
right-hand side of the inner iterations in Step 1 of the scheme presented in the last
section. Further let aih(\cdot , \cdot ) with i \in \{ 0,1\} denote the restriction of the bilinear form
ah on V i

h , and let \BbbA i denote the corresponding matrix. In the following, we discuss
the condition numbers we expect for each system matrix, considering varying choices
of \beta . By construction, the matrix \BbbA 1 is the standard finite element matrix of linear
Lagrange finite elements and is independent of \beta . The condition \kappa (\BbbA 1) is then known
to scale like \scrO (h - 2) which follows with standard techniques; see e.g., [15, Ch. 28].

In the forthcoming discussion, we will write a \lesssim b to denote that a \leq C b, where
C > 0 is a constant independent of h (but that might depend on the physical param-
eters \mu and \epsilon ), and a \sim b if a \lesssim b and b \lesssim a. To discuss the condition number of \BbbA 0

we introduce the bilinear forms

m(w0
h, v

0
h) =

\int 

\Omega 

w0
hv

0
h d\bfitx , and j(w0

h, v
0
h) = \langle Jw0

hK, Jv0hK\rangle ,

for w0
h, v

0
h \in V 0

h , and denote by \BbbM and \BbbJ the corresponding system matrices. Then,
assuming for simplicity \mu = \gamma = 1, we have that \BbbA 0 = \BbbM + h - \beta \BbbJ (with the obvious
abuse of notation regarding the term containing the negative power of h). In the first
step, we only consider the jump matrix \BbbJ . Let u0

h \in V 0
h be arbitrary, and let u0 denote

the corresponding finite element coefficient vector.
Using the broken Poincar\'e inequality from Lemma 4.2 and the inverse trace in-

equality (4.4) we obtain

uT
0 \BbbM u0 = \| u0

h\| 20,\Omega \lesssim h - 1\langle Ju0
hK, Ju0

hK\rangle \underbrace{}  \underbrace{}  
h - 1uT

0 \BbbJ u0

\lesssim h - 2\| u0
h\| 20,\Omega = h - 2uT

0 \BbbM u0,

that is, after multiplying by h,

huT
0 \BbbM u0 \lesssim uT

0 \BbbJ u0 \lesssim h - 1uT
0 \BbbM u0 ,(6.1)

and using that \kappa (\BbbM ) \sim \scrO (1) (see, e.g., [15, Prop. 28.6]) we conclude that \kappa (\BbbJ ) \sim 
\scrO (h - 2) (and thus is independent of the value of \beta ). This further implies

(1 + h - \beta +1)uT
0 \BbbM u0 \lesssim uT

0 (\BbbM + h - \beta \BbbJ )u0\underbrace{}  \underbrace{}  
\sim uT

0 \BbbA 0u0

\lesssim (1 + h - (\beta +1))uT
0 \BbbM u0,

from which we also conclude \kappa (\BbbA 0)\sim \scrO ((1+h - (\beta +1))/(1+h - \beta +1)) which is bounded
by Ch - 2 independently of the choice of \beta .

Numerical investigation. To validate the findings presented above, we computed
the condition numbers for a structured triangulation of the domain \Omega = (0,1)2 with
various mesh sizes. The results, summarized in Table 1, demonstrate that \kappa (\BbbA ), \kappa (\BbbA 0)
and \kappa (\BbbA 1) scale at the anticipated rates, consistent with the theoretical predictions
discussed earlier.

6.3. Smooth solution. Let \Omega = ( - 1,1) \times (0,1) and the parameters be set to
\epsilon = 10 - 5 and \mu = 1. Further let f be defined such that the exact solution of (2.2) is
given by

u(x, y) = sin(\pi (x+ 1)/2) \cdot sin(\pi y).
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Table 1
Condition numbers \kappa (\BbbA ), \kappa (\BbbA 0), and \kappa (\BbbA 1) obtained with a structured triangulation of the do-

main \Omega = (0,1)2 with varying mesh sizes h.

\beta = 1

h \kappa (\BbbA ) - 1 eoc \kappa (\BbbA 1) - 1 eoc \kappa (\BbbA 0) - 1 eoc

0.5 1.52 \cdot 10 - 3 (-- --) 2.03 \cdot 10 - 2 (-- --) 1.28 \cdot 10 - 1 (-- --)

0.25 5.14 \cdot 10 - 4 (1.57) 5.60 \cdot 10 - 3 (1.86) 4.12 \cdot 10 - 2 (1.63)
0.125 1.55 \cdot 10 - 4 (1.73) 1.59 \cdot 10 - 3 (1.82) 1.20 \cdot 10 - 2 (1.78)

0.0625 4.31 \cdot 10 - 5 (1.85) 4.36 \cdot 10 - 4 (1.87) 3.25 \cdot 10 - 3 (1.88)

0.0313 1.14 \cdot 10 - 5 (1.92) 1.15 \cdot 10 - 4 (1.92) 8.49 \cdot 10 - 4 (1.94)

\beta = 2

h \kappa (\BbbA ) - 1 eoc \kappa (\BbbA 1) - 1 eoc \kappa (\BbbA 0) - 1 eoc

0.5 6.23 \cdot 10 - 4 (-- --) 2.03 \cdot 10 - 2 (-- --) 1.06 \cdot 10 - 1 (-- --)
0.25 1.06 \cdot 10 - 4 (2.55) 5.60 \cdot 10 - 3 (1.86) 3.53 \cdot 10 - 2 (1.59)

0.125 1.61 \cdot 10 - 5 (2.72) 1.59 \cdot 10 - 3 (1.82) 1.04 \cdot 10 - 2 (1.77)

0.0625 2.24 \cdot 10 - 6 (2.84) 4.36 \cdot 10 - 4 (1.87) 2.84 \cdot 10 - 3 (1.87)
0.0313 2.97 \cdot 10 - 7 (2.92) 1.15 \cdot 10 - 4 (1.92) 7.43 \cdot 10 - 4 (1.93)

\beta = 4
h \kappa (\BbbA ) - 1 eoc \kappa (\BbbA 1) - 1 eoc \kappa (\BbbA 0) - 1 eoc

0.5 9.51 \cdot 10 - 5 (-- --) 2.03 \cdot 10 - 2 (-- --) 6.69 \cdot 10 - 2 (-- --)

0.25 4.15 \cdot 10 - 6 (4.52) 5.60 \cdot 10 - 3 (1.86) 2.35 \cdot 10 - 2 (1.51)

0.125 1.58 \cdot 10 - 7 (4.71) 1.59 \cdot 10 - 3 (1.82) 7.09 \cdot 10 - 3 (1.73)
0.0625 5.52 \cdot 10 - 9 (4.84) 4.36 \cdot 10 - 4 (1.87) 1.96 \cdot 10 - 3 (1.85)

0.0313 1.83 \cdot 10 - 10 (4.92) 1.15 \cdot 10 - 4 (1.92) 5.16 \cdot 10 - 4 (1.92)

i.e., we have a = 0 and b = 1. In the following, we investigate the convergence of
the method on a sequence of (nested) unstructured triangulations \scrT h. As suggested
by the theory, we choose \beta = 4 (for the first two test cases) and the tolerance of the
outer loop is tolm = 10 - 12. Further, following [3], we choose the damping parameter
\omega = 0.5 and set \alpha = 1 in (3.4).

Convergence of the method and choice of toln. In Table 2, we present the results
for the convergence of the method for different tolerances of the inner loop and the
penalty factor \gamma = 10. We observe that the method converges for a wide range of
tolerances of the inner loop, and the number of (outer) iterations it is only mildly in-
fluenced by the choice of toln. Further, we see that the estimated order of convergence
eoc of the errors is optimal, i.e., we observe a quadratic rate for the error \| u - u+

h \| 0,\Omega ,
and a linear rate for \| \nabla (u - u+

h )\| 0,\Omega . Note, that the H1-error only considers the linear
part in V 1

h but not the constant part in V 0
h , i.e., \| \nabla (u - u+

h )\| 0,\Omega = \| \nabla (u - (u+
h )

1)\| 0,\Omega .
The choice of \gamma . In Figure 2 we present the number of iterations for different

penalty factors \gamma and a tolerance of the inner loop set to toln = 10 - 9. In the left plot,
the numbers are given for \epsilon = 10 - 5 and on the right for \epsilon = 1. We observe that the
number of iterations is barely influenced by the choice of \gamma , even for a small \epsilon . To
motivate this behavior, we recall the stabilizing term in the bilinear form ah(\cdot , \cdot ) given
by \langle \gamma \epsilon +\mu h2

F

h\beta 
F

JwhK, JvhK\rangle . We see that even in the case of small \epsilon and a coarse mesh,

since \mu = 1 and \beta \geq 4, we get a relatively big penalization of the jumps of the solution
even for a moderate \gamma . This would not be the case (particularly for vanishing \epsilon ) if we
use the penalty \gamma \epsilon 

h\beta 
F

instead, see also Remark 2.1, point 5.

The choice of \beta . Although the theory requires that \beta \geq 4, we discuss in the
following the convergence for different (smaller) choices \beta = 2,3,4. We choose toln =
10 - 9 and set \gamma = 10. Furthermore, in contrast to the previous example, we choose

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.

D
ow

nl
oa

de
d 

06
/1

7/
26

 to
 1

34
.9

6.
31

.2
41

 . 
R

ed
is

tr
ib

ut
io

n 
su

bj
ec

t t
o 

SI
A

M
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 h

ttp
s:

//e
pu

bs
.s

ia
m

.o
rg

/te
rm

s-
pr

iv
ac

y



BOUND-PRESERVING AND CONSERVATIVE EDG METHODS A1779

Table 2
Error convergence and number of iterations for the example of section 6.3 with tolm = 10 - 12,

\gamma = 10, \beta = 4 and varying tolerances toln.

toln = 10 - 3

| \scrT h| \| u - u+
h \| 0,\Omega eoc \| \nabla (u - u+

h )\| 0,\Omega eoc \#its

496 5.33 \cdot 10 - 3 (-- --) 3.44 \cdot 10 - 1 (-- --) 9

1984 1.30 \cdot 10 - 3 (2.03) 1.65 \cdot 10 - 1 (1.06) 8
7936 3.26 \cdot 10 - 4 (2.00) 7.81 \cdot 10 - 2 (1.08) 6

31744 8.37 \cdot 10 - 5 (1.96) 3.76 \cdot 10 - 2 (1.05) 2

126976 2.13 \cdot 10 - 5 (1.97) 1.86 \cdot 10 - 2 (1.01) 1

toln = 10 - 6

| \scrT h| \| u - u+
h \| 0,\Omega eoc \| \nabla (u - u+

h )\| 0,\Omega eoc \#its

496 5.33 \cdot 10 - 3 (-- --) 3.44 \cdot 10 - 1 (-- --) 5

1984 1.30 \cdot 10 - 3 (2.03) 1.65 \cdot 10 - 1 (1.06) 5
7936 3.26 \cdot 10 - 4 (2.00) 7.81 \cdot 10 - 2 (1.08) 4

31744 8.37 \cdot 10 - 5 (1.96) 3.76 \cdot 10 - 2 (1.05) 2

126976 2.13 \cdot 10 - 5 (1.97) 1.86 \cdot 10 - 2 (1.01) 1

toln = 10 - 9

| \scrT h| \| u - u+
h \| 0,\Omega eoc \| \nabla (u - u+

h )\| 0,\Omega eoc \#its

496 5.33 \cdot 10 - 3 (-- --) 3.44 \cdot 10 - 1 (-- --) 3
1984 1.30 \cdot 10 - 3 (2.03) 1.65 \cdot 10 - 1 (1.06) 2

7936 3.26 \cdot 10 - 4 (2.00) 7.81 \cdot 10 - 2 (1.08) 2
31744 8.37 \cdot 10 - 5 (1.96) 3.76 \cdot 10 - 2 (1.05) 2

126976 2.13 \cdot 10 - 5 (1.97) 1.86 \cdot 10 - 2 (1.01) 1BOUND-PRESERVING AND CONSERVATIVE EDG METHODS 17
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Fig. 2. Number of iterations for the example of Section 6.3 for different penalty factors γ and with toln = 10−9

and tolm = 10−12.
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Fig. 3. Number of iterations for the example of Section 6.3 for different factors β and with toln = 10−9 and
tolm = 10−12.

error ∥∇(u− u+
h )∥L2(Ω) but further present the values of the jump norm ∥[[u+

h ]]∥Fh
= ∥[[(u+

h )
0]]∥Fh

566

and the L2-norm ∥(u+
h )

0∥L2(Ω). We observe that the error ∥∇(u−u+
h )∥L2(Ω) is independent of the567

choice of β and converges with the optimal order. Note that the same conclusions can be made568

for the error ∥(u− u+
h )∥L2(Ω), which is omitted here for brevity. The jump norm ∥[[u+

h ]]∥Fh
shows569

a faster convergence. This suggests that the convergence analysis presented in Corollary 5.1 may570

be sharpened. More precisely, the numerical results indicate that ∥[[u+
h ]]∥Fh

converges at a rate571

of order hβ . As in the previous paragraph, this observation can be motivated by the fact that572

for β = 1, the penalty essentially reduces to a standard interior penalty method, for which linear573

convergence of order O(h) is typically expected.574

Since standard error estimates are often based on ellipticity with respect to ah, as used in the575

This manuscript is for review purposes only.

Fig. 2. Number of iterations for the example of section 6.3 for different penalty factors \gamma and
with toln = 10 - 9 and tolm = 10 - 12.

\varepsilon = 10 - 3, as our computations showed faster preasymptotic convergence of some errors
for smaller choices. Consequently, we increased the diffusion coefficient to make the
jumps more pronounced. In Table 3 we again present the error \| \nabla (u  - u+

h )\| L2(\Omega )

but further present the values of the jump norm \| Ju+
h K\| \scrF h

= \| J(u+
h )

0K\| \scrF h
and the

L2-norm \| (u+
h )

0\| L2(\Omega ). We observe that the error \| \nabla (u - u+
h )\| L2(\Omega ) is independent of

the choice of \beta and converges with the optimal order. Note that the same conclusions
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Table 3
Error convergence for the example of section 6.3 with the diffusion coefficient \varepsilon = 10 - 3, penalty

\gamma = 10 and tolerances toln = 10 - 9 and tolm = 10 - 12 and varying \beta = 1,2,3,4.

\beta = 1

| \scrT h| \| \nabla (u - u+
h )\| 0,\Omega eoc \| (u+

h )0\| 0,\Omega eoc \| Ju+
h K\| Fh

eoc

496 3.12 \cdot 10 - 1 (-- --) 3.16 \cdot 10 - 4 (-- --) 3.49 \cdot 10 - 4 (-- --)

1984 1.51 \cdot 10 - 1 (1.04) 9.84 \cdot 10 - 5 (1.68) 2.01 \cdot 10 - 4 (0.80)
7936 7.49 \cdot 10 - 2 (1.01) 2.85 \cdot 10 - 5 (1.79) 1.25 \cdot 10 - 4 (0.69)

31744 3.73 \cdot 10 - 2 (1.01) 8.19 \cdot 10 - 6 (1.80) 6.93 \cdot 10 - 5 (0.85)

126976 1.86 \cdot 10 - 2 (1.00) 2.10 \cdot 10 - 6 (1.96) 3.58 \cdot 10 - 5 (0.95)

\beta = 2

| \scrT h| \| \nabla (u - u+
h )\| 0,\Omega eoc \| (u+

h )0\| 0,\Omega eoc \| Ju+
h K\| Fh

eoc

496 3.12 \cdot 10 - 1 (-- --) 4.03 \cdot 10 - 5 (-- --) 3.23 \cdot 10 - 5 (-- --)

1984 1.51 \cdot 10 - 1 (1.04) 8.64 \cdot 10 - 6 (2.22) 9.10 \cdot 10 - 6 (1.83)
7936 7.49 \cdot 10 - 2 (1.01) 1.36 \cdot 10 - 6 (2.67) 2.79 \cdot 10 - 6 (1.70)

31744 3.73 \cdot 10 - 2 (1.01) 1.83 \cdot 10 - 7 (2.89) 7.77 \cdot 10 - 7 (1.85)

126976 1.86 \cdot 10 - 2 (1.00) 2.03 \cdot 10 - 8 (3.18) 2.01 \cdot 10 - 7 (1.95)

\beta = 3

| \scrT h| \| \nabla (u - u+
h )\| 0,\Omega eoc \| (u+

h )0\| 0,\Omega eoc \| Ju+
h K\| Fh

eoc

496 3.12 \cdot 10 - 1 (-- --) 3.47 \cdot 10 - 6 (-- --) 2.88 \cdot 10 - 6 (-- --)
1984 1.51 \cdot 10 - 1 (1.04) 3.82 \cdot 10 - 7 (3.19) 4.10 \cdot 10 - 7 (2.81)

7936 7.49 \cdot 10 - 2 (1.01) 3.01 \cdot 10 - 8 (3.67) 6.35 \cdot 10 - 8 (2.69)
31744 3.73 \cdot 10 - 2 (1.01) 2.01 \cdot 10 - 9 (3.91) 8.87 \cdot 10 - 9 (2.84)

126976 1.86 \cdot 10 - 2 (1.00) 1.11 \cdot 10 - 10 (4.18) 1.15 \cdot 10 - 9 (2.95)

\beta = 4

| \scrT h| \| \nabla (u - u+
h )\| 0,\Omega eoc \| (u+

h )0\| 0,\Omega eoc \| Ju+
h K\| Fh

eoc

496 3.12 \cdot 10 - 1 (-- --) 2.87 \cdot 10 - 7 (-- --) 2.60 \cdot 10 - 7 (-- --)
1984 1.51 \cdot 10 - 1 (1.04) 1.59 \cdot 10 - 8 (4.17) 1.88 \cdot 10 - 8 (3.79)

7936 7.49 \cdot 10 - 2 (1.01) 6.36 \cdot 10 - 10 (4.64) 1.47 \cdot 10 - 9 (3.68)

31744 3.73 \cdot 10 - 2 (1.01) 2.15 \cdot 10 - 11 (4.89) 1.03 \cdot 10 - 10 (3.83)
126976 1.86 \cdot 10 - 2 (1.00) 6.06 \cdot 10 - 13 (5.15) 6.70 \cdot 10 - 12 (3.95)

can be made for the error \| (u  - u+
h )\| L2(\Omega ), which is omitted here for brevity. The

jump norm \| Ju+
h K\| \scrF h

shows a faster convergence. This suggests that the convergence
analysis presented in Corollary 5.1 may be sharpened. More precisely, the numerical
results indicate that \| Ju+

h K\| \scrF h
converges at a rate of order h\beta . As in the previous

paragraph, this observation can be motivated by the fact that for \beta = 1, the penalty
essentially reduces to a standard interior penalty method, for which linear convergence
of order \scrO (h) is typically expected.

Since standard error estimates are often based on ellipticity with respect to ah,
as used in the first step of the proof of Lemma 4.10, we can argue that for \beta > 1

\| Ju+
h K\| 2\scrF h

= \| Ju0
hK\| 2\scrF h

\cdot h
\beta  - 1

h\beta  - 1
\lesssim h\beta  - 1ah(u

0
h, u

0
h)\lesssim h\beta  - 1 \cdot \scrO (h) =\scrO (h\beta ).

In accordance to the discussions from the previous paragraph (``The choice of \gamma ""),
Figure 3 reports the number of outer iterations as a function of \beta for a fixed \gamma = 10.
We make the following observations. First, in the right plot for \epsilon = 1, all choices of \beta 
provided a decreasing number of iterations with respect to the number of elements.
Further, we see that the number of iterations on a fixed mesh also decreases as \beta 
increases. This is explained by the stronger jump penalization for larger \beta , which
drives the piecewise-constant component u0

h toward zero more rapidly (see Table 3);
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Fig. 2. Number of iterations for the example of Section 6.3 for different penalty factors γ and with toln = 10−9

and tolm = 10−12.
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Fig. 3. Number of iterations for the example of Section 6.3 for different factors β and with toln = 10−9 and
tolm = 10−12.

error ∥∇(u− u+
h )∥L2(Ω) but further present the values of the jump norm ∥[[u+

h ]]∥Fh
= ∥[[(u+

h )
0]]∥Fh

566

and the L2-norm ∥(u+
h )

0∥L2(Ω). We observe that the error ∥∇(u−u+
h )∥L2(Ω) is independent of the567

choice of β and converges with the optimal order. Note that the same conclusions can be made568

for the error ∥(u− u+
h )∥L2(Ω), which is omitted here for brevity. The jump norm ∥[[u+

h ]]∥Fh
shows569

a faster convergence. This suggests that the convergence analysis presented in Corollary 5.1 may570

be sharpened. More precisely, the numerical results indicate that ∥[[u+
h ]]∥Fh

converges at a rate571

of order hβ . As in the previous paragraph, this observation can be motivated by the fact that572

for β = 1, the penalty essentially reduces to a standard interior penalty method, for which linear573

convergence of order O(h) is typically expected.574

Since standard error estimates are often based on ellipticity with respect to ah, as used in the575

This manuscript is for review purposes only.

Fig. 3. Number of iterations for the example of section 6.3 for different factors \beta and with
toln = 10 - 9 and tolm = 10 - 12.

hence the outer update (which corrects u0
h) becomes smaller and fewer outer iterations

are needed to meet the tolerance.
However, in the left plot for \epsilon = 10 - 5, we see that for \beta = 1,2 the iteration

count does not decrease with respect to the number of elements, while for \beta = 3,4 it
does. Here we can clearly see the influence of \gamma which has to chosen big enough (and
obviously in dependence of \epsilon ). Fortunately, as motivated by the theory, the choice
\beta = 4 provides a robust number of iterations also for small \epsilon .

6.4. Interior layer example. We consider the domain \Omega = (0,1)2 and choose
the parameters \varepsilon = 10 - 7 and \mu = 1. This time, the right-hand side is given by

f =

\left\{ 
  
  
0 in

\biggl[ 
1

4
,
3

4

\biggr] 2
,

1 else,

while we impose homogeneous Dirichlet boundary conditions on the whole boundary
\partial \Omega . The exact solution of this problem is not known analytically. However, we know
that the solution satisfies a= 0\leq u\leq 1 = b in \Omega . Due to the discontinuous right-hand
side and the small parameter \varepsilon we expect that the solution will exhibit an interior
layer.

To investigate this in more detail, Figure 4 shows the solution of the standard EG
method and the solution u+

h of our proposed method for different penalty parameters.
Herein, we show results obtained using \gamma = 10, but larger values of \gamma give very similar
results. For the standard method, we directly solved the problem (i.e., without using
an iterative scheme) and employed \beta = 1, \gamma = 10, and \alpha = 0 (no stabilization by (3.4)).
The computations were made on a mesh with | \scrT h| = 242 and the same tolerances and
damping parameters as in the previous section. We observe that the solution of the
standard EG method exhibits a highly oscillatory behavior in the interior layer and
fails to preserve the limits. In fact, the values of the solution on the left range from
approximately  - 0.2 to 1.2, as can be seen in the left panel of Figure 4. In contrast,
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−0.2

0

0.2

0.4

0.6

0.8

1

1.2

Fig. 4. Solutions of the interior layer example of section 6.4 for the standard EG method (left)
and the proposed method with \gamma = 10 (right). For better visualization, the solution on the partial
domain [0,1]\times [0.5,1] is shown here.

the solution of our proposed method is bound-preserving. We want to emphasize
that, although the solution appears to be approximated solely by the linear Lagrange
finite element---similarly to [3]---our method is locally conservative since the piecewise
constant part of u+

h is very small thanks to the overpenalization.
One final point is that, since the constant part of u+

h is very small and the linear
part strictly satisfying the homogeneous Dirichlet boundary conditions, the overall
solution u+

h is very close to the boundary datum on the boundary. In contrast to
that, the piecewise constants in the standard EG method (left panel) are not small
conveying the impression that the standard EG method does not respect the Dirichlet
boundary condition, as can be expected since it is only enforced via Nitsche's method
(guaranteeing that the boundary condition holds strictly in the limit h\rightarrow 0).

7. Conclusion. We have proposed a bound-preserving EG method whose solu-
tion is locally (and globally) conservative. A fundamental tool to achieve this is the
way we have built the limiting process, by leaving the piecewise constant part free,
and limiting the piecewise linear part in such a way that the sum respects the bounds
given by the continuous problem. As a result, the stabilization needed to compensate
for the unconstrained part of the solution does not depend on the piecewise constant
part of it, which implies conservation. In addition, it is important to insist on the
fact that, although for the analysis a variational inequality was used, the method
itself is not equivalent to a variational inequality (unlike [3, 1, 5]). The method is
proven to approximate smooth solutions with optimal convergence rates if the an-
alytical solution respects predefined upper and lower bounds. If the solution is not
smooth, our approach still respects the upper and lower bounds, is mass conservative,
and convergent, but the significance of the penalty parameter \gamma increases: a larger
\gamma suppresses oscillations stronger than a smaller \gamma . However, the nonlinear problem
remains solvable independent of our tuning parameters \gamma and \beta (which we fix to 4).
In addition, the use of the splitting algorithm presented in section 6.1 allows us to
completely bypass the ill-conditioning of the linear systems that would arise were (3.3)
to be solved in a monolithic way.

Notably, our analysis requires \beta \geq 2 for the existence of discrete solutions and
\beta \geq 4 for optimal convergence rates. However, numerical experiments indicate that
the method performs well even for \beta = 1, which is commonly used in interior penalty
methods. This suggests that the theoretical requirements on \beta may be too restrictive,
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and further investigation into this aspect could be a valuable direction for future
research. In addition, the following problems are also open at the moment, and inves-
tigation on them is ongoing:

\bullet An adaptive strategy to select \beta and \gamma in the spirit of section 4.4.
\bullet The consideration of nonlinear and hyperbolic equations.
\bullet The open problem whether the superconvergence of the L2 error can be ex-

plained by a more involved proof strategy that allows for mimicking the
Aubin--Nitsche trick.

\bullet The proposal of, possibly a posteriori, strategies to fix the stopping criteria for
the nested fixed-point iterations in an adaptive way, with the aim of reducing
computational complexity.

REFERENCES

[1] A. Amiri, G. R. Barrenechea, and T. Pryer, A nodally bound-preserving finite element
method for reaction--convection--diffusion equations, Math. Models Methods Appl. Sci., 34
(2024), pp. 1533--1565, https://doi.org/10.1142/S0218202524500283.

[2] G. R. Barrenechea, E. Burman, and F. Karakatsani, Edge-based nonlinear diffusion for
finite element approximations of convection-diffusion equations and its relation to algebraic
flux-correction schemes, Numer. Math., 135 (2017), pp. 521--545, https://doi.org/10.1007/
s00211-016-0808-z.

[3] G. R. Barrenechea, E. Georgoulis, T. Pryer, and A. Veeser, A nodally bound-preserving
finite element method , IMA J. Numer. Anal., 44 (2024), pp. 2198--2219, https://doi.org/
10.1093/imanum/drad055.

[4] G. R. Barrenechea, V. John, and P. Knobloch, Monotone Discretizations for Elliptic
Second Order Partial Differential Equations, Springer Cham, 2025.

[5] G. R. Barrenechea, T. Pryer, and A. Trenam, A nodally bound-preserving discontin-
uous Galerkin method for the drift--diffusion equation, J. Comput. Appl. Math., 470
(2025), 116670, https://doi.org/10.1016/j.cam.2025.116670, https://www.sciencedirect.
com/science/article/pii/S0377042725001840.

[6] R. Becker, E. Burman, P. Hansbo, and M. Larson, A Reduced P1-discontinuous Galerkin
Method, Chalmers Finite Element Center Preprint 2003-13, Chalmers University of Tech-
nology, G\"oteborg, Sweden, 2003.

[7] P. Bochev, D. Ridzal, M. D'Elia, M. Perego, and K. Peterson, Optimization-based,
property-preserving finite element methods for scalar advection equations and their con-
nection to algebraic flux correction, Comput. Methods Appl. Mech. Engrg., 367 (2020),
112982, https://doi.org/10.1016/j.cma.2020.112982.

[8] J. H. Brandts, S. Korotov, and M. K\v r\'{\i}\v zek, The discrete maximum principle for linear
simplicial finite element approximations of a reaction-diffusion problem, Linear Algebra
Appl., 429 (2008), pp. 2344--2357, https://doi.org/10.1016/j.laa.2008.06.011.

[9] S. Brenner, Poincar\'e--Friedrichs inequalities for piecewise H1 functions, SIAM J. Numer.
Anal., 41 (2003), pp. 306--324, https://doi.org/10.1137/S0036142902401311.

[10] S. Brenner, L. Owens, and L.-Y. Sung, A weakly over-penalized symmetric interior penalty
method , Electron. Trans. Numer. Anal., 30 (2008), pp. 107--127.

[11] E. Burman and A. Ern, Stabilized Galerkin approximation of convection-diffusion-reaction
equations: Discrete maximum principle and convergence, Math. Comp., 74 (2005),
pp. 1637--1652, https://doi.org/10.1090/S0025-5718-05-01761-8.

[12] P. G. Ciarlet and P.-A. Raviart, Maximum principle and uniform convergence for the finite
element method , Comput. Methods Appl. Mech. Engrg., 2 (1973), pp. 17--31, https://
doi.org/10.1016/0045-7825(73)90019-4.

[13] D. A. Di Pietro and A. Ern, Mathematical Aspects of Discontinuous Galerkin Meth-
ods, Math\'ematiques et Applications, Springer, Berlin Heidelberg, 2012, https://doi.org/
10.1007/978-3-642-22980-0.

[14] A. Ern and J.-L. Guermond, Finite Elements I, Springer, 2021.
[15] A. Ern and J.-L. Guermond, Finite Elements II, Springer, 2021.
[16] J. A. Evans, T. J. Hughes, and G. Sangalli, Enforcement of constraints and maximum

principles in the variational multiscale method , Comput. Methods Appl. Mech. Engrg.,
199 (2009), pp. 61--76, https://doi.org/10.1016/j.cma.2009.09.019.

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.

D
ow

nl
oa

de
d 

06
/1

7/
26

 to
 1

34
.9

6.
31

.2
41

 . 
R

ed
is

tr
ib

ut
io

n 
su

bj
ec

t t
o 

SI
A

M
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 h

ttp
s:

//e
pu

bs
.s

ia
m

.o
rg

/te
rm

s-
pr

iv
ac

y

https://doi.org/10.1142/S0218202524500283
https://doi.org/10.1007/s00211-016-0808-z
https://doi.org/10.1007/s00211-016-0808-z
https://doi.org/10.1093/imanum/drad055
https://doi.org/10.1093/imanum/drad055
https://doi.org/10.1016/j.cam.2025.116670
https://www.sciencedirect.com/science/article/pii/S0377042725001840
https://www.sciencedirect.com/science/article/pii/S0377042725001840
https://doi.org/10.1016/j.cma.2020.112982
https://doi.org/10.1016/j.laa.2008.06.011
https://doi.org/10.1137/S0036142902401311
https://doi.org/10.1090/S0025-5718-05-01761-8
https://doi.org/10.1016/0045-7825(73)90019-4
https://doi.org/10.1016/0045-7825(73)90019-4
https://doi.org/10.1007/978-3-642-22980-0
https://doi.org/10.1007/978-3-642-22980-0
https://doi.org/10.1016/j.cma.2009.09.019


A1784 G. R. BARRENECHEA, P. L. LEDERER, AND A. RUPP

[17] F. Kikuchi, Discrete maximum principle and artificial viscosity in finite element approxima-
tions to convective diffusion equations, Vol. 550, 1977.

[18] C. Kreuzer, A note on why enforcing discrete maximum principles by a simple a poste-
riori cutoff is a good idea, Numer. Methods Partial Differential Equations, 30 (2014),
pp. 994--1002, https://doi.org/10.1002/num.21854.

[19] D. Kuzmin and H. Hajduk, Property-Preserving Numerical Schemes for Conservation Laws,
World Scientific, 2023, https://doi.org/10.1142/13466.

[20] D. Kuzmin, H. Hajduk, and A. Rupp, Locally bound-preserving enriched Galerkin meth-
ods for the linear advection equation, Comput. Fluids, 205 (2020), 15, https://doi.org/
10.1016/j.compfluid.2020.104525.

[21] D. Kuzmin, S. Lee, and Y.-Y. Yang, Bound-preserving and entropy stable enriched Galerkin
methods for nonlinear hyperbolic equations, J. Comput. Phys., 541 (2025), 114323, https://
doi.org/10.1016/j.jcp.2025.114323, https://www.sciencedirect.com/science/article/pii/
S0021999125006059.

[22] S. Lee, Y. Lee, and M. Wheeler, A locally conservative enriched Galerkin approximation
and efficient solver for elliptic and parabolic problems, SIAM J. Sci. Comput., 38 (2016),
pp. A1404--A1429, https://doi.org/10.1137/15M1041109.

[23] S. Lee and S. Yi, Locking-free and locally-conservative enriched Galerkin method for poroe-
lasticity, J. Sci. Comput., 94 (2023), 26, https://doi.org/10.1007/s10915-022-02079-0.

[24] C. Lu, W. Huang, and E. S. V. Vleck, The cutoff method for the numerical computa-
tion of nonnegative solutions of parabolic PDEs with application to anisotropic diffusion
and lubrication-type equations, J. Comput. Phys., 242 (2013), pp. 24--36, https://doi.org/
10.1016/j.jcp.2013.01.052.

[25] A. Mizukami and T. J. R. Hughes, A Petrov--Galerkin finite element method for convection-
dominated flows: An accurate upwinding technique for satisfying the maximum principle,
Comput. Methods Appl. Mech. Engrg., 50 (1985), pp. 181--193, https://doi.org/10.1016/
0045-7825(85)90089-1.

[26] M. Mudunuru and K. Nakshatrala, On enforcing maximum principles and achieving
element-wise species balance for advection--diffusion--reaction equations under the finite el-
ement method , J. Comput. Phys., 305 (2016), pp. 448--493, https://doi.org/10.1016/j.jcp.
2015.09.057.

[27] M. Renardy and R. Rogers, An Introduction to Partial Differential Equations, Texts
in Applied Mathematics, Springer, New York, 2006, https://books.google.fi/books?id=
IrIPBwAAQBAJ.

[28] A. Rupp, M. Hauck, and V. Aizinger, A subcell-enriched Galerkin method for advection
problems, Comput. Math. Appl., 93 (2021), pp. 120--129, https://doi.org/10.1016/j.camwa.
2021.04.010, https://www.sciencedirect.com/science/article/pii/S0898122121001425.

[29] A. Rupp and S. Lee, Continuous Galerkin and enriched Galerkin methods with arbitrary order
discontinuous trial functions for the elliptic and parabolic problems with jump conditions,
J. Sci. Comput., 84 (2020), 25, https://doi.org/10.1007/s10915-020-01255-4, https://link.
springer.com/article/10.1007/s10915-020-01255-4\#citeas.

[30] J. Sch\"oberl, C++ 11 Implementation of Finite Elements in NGSolve, Institute for Analysis
and Scientific Computing, Vienna University of Technology, 2014, 30.

[31] J. Yang, Z. Yuan, and Z. Zhou, Arbitrarily high-order maximum bound preserving schemes
with cut-off postprocessing for Allen--Cahn equations, J. Sci. Comput., 90 (2022), Article
number 76, https://doi.org/10.1007/s10915-021-01746-y.

[32] S. Yi, X. Hu, S. Lee, and J. Adler, An enriched Galerkin method for the Stokes equa-
tions, Comput. Math. Appl., 120 (2022), pp. 115--131, https://doi.org/10.1016/j.camwa.
2022.06.018.

[33] S. Yi and S. Lee, Physics-preserving enriched Galerkin method for a fully-coupled thermo-
poroelasticity model , Numer. Math., 156 (2024), pp. 1--30, https://doi.org/10.1007/s00211-
024-01406-x.

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.

D
ow

nl
oa

de
d 

06
/1

7/
26

 to
 1

34
.9

6.
31

.2
41

 . 
R

ed
is

tr
ib

ut
io

n 
su

bj
ec

t t
o 

SI
A

M
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 h

ttp
s:

//e
pu

bs
.s

ia
m

.o
rg

/te
rm

s-
pr

iv
ac

y

https://doi.org/10.1002/num.21854
https://doi.org/10.1142/13466
https://doi.org/10.1016/j.compfluid.2020.104525
https://doi.org/10.1016/j.compfluid.2020.104525
https://doi.org/10.1016/j.jcp.2025.114323
https://doi.org/10.1016/j.jcp.2025.114323
https://www.sciencedirect.com/science/article/pii/S0021999125006059
https://www.sciencedirect.com/science/article/pii/S0021999125006059
https://doi.org/10.1137/15M1041109
https://doi.org/10.1007/s10915-022-02079-0
https://doi.org/10.1016/j.jcp.2013.01.052
https://doi.org/10.1016/j.jcp.2013.01.052
https://doi.org/10.1016/0045-7825(85)90089-1
https://doi.org/10.1016/0045-7825(85)90089-1
https://doi.org/10.1016/j.jcp.2015.09.057
https://doi.org/10.1016/j.jcp.2015.09.057
https://books.google.fi/books?id=IrIPBwAAQBAJ
https://books.google.fi/books?id=IrIPBwAAQBAJ
https://doi.org/10.1016/j.camwa.2021.04.010
https://doi.org/10.1016/j.camwa.2021.04.010
https://www.sciencedirect.com/science/article/pii/S0898122121001425
https://doi.org/10.1007/s10915-020-01255-4
https://link.springer.com/article/10.1007/s10915-020-01255-4#citeas
https://link.springer.com/article/10.1007/s10915-020-01255-4#citeas
https://doi.org/10.1007/s10915-021-01746-y
https://doi.org/10.1016/j.camwa.2022.06.018
https://doi.org/10.1016/j.camwa.2022.06.018
https://doi.org/10.1007/s00211-024-01406-x
https://doi.org/10.1007/s00211-024-01406-x

	Introduction
	Model problem and baseline discretization
	Positivity-preserving finite elements
	The nonlinear finite element method

	Existence of a discrete solution
	Preliminaries and auxiliary results
	Well-posedness of the iteration defined in (3.5a)
	Proof of Theorem 4.1
	Worst-case criterion for positivity preservation

	Convergence order estimates
	Numerical examples
	An iterative algorithm
	The condition number of the linearized problems
	Smooth solution
	Interior layer example

	Conclusion
	References

